Abstract: A two-dimensional analytic solution based on linear elasticity theory is used to investigate the effect of using a functionally graded material (FGM) as an interlayer in reducing the stress concentration in non-axisymmetric loaded metal-composite joints. The geometry of the joint consists of a metal cylinder surrounded in a composite thick plate and loaded arbitrarily by in-plane radial force profile, the condition of which occurs in double-lap pins, bolt joints, and T-bolt joints. The significant difference between the mechanical properties of the adjacent materials induces a stress concentration in the flexible part of the joint. In this work, an analytic solution based on the Airy stress function is used and derived into the strain compatibility equation in two-dimensional problems. The power law model is used for the FGM property variation, and a transversely isotropic model is considered for the composite plate. A two-dimensional condition is assumed for the structure. The results of several models are compared with the finite-element method and show good conformity between the two methods. In some cases, by using the FGM inter-layer, the stress level in the surrounding plate would be decreased significantly.
Introduction
In the recent years, composite materials have been increasingly used in engineering due to their acceptable strength to density ratio and good fatigue fracture behavior.
However, their low shearing strength, low thermal resistance, and low peeling strength are not appropriate for all mechanical applications. Therefore, it is unavoidable to combine the large composite structural parts with the other engineering materials by using various types of joints like pastes, bolts, and rivets. In bolted, riveted, and pinned joints, the common part is a central solid cylinder with a higher modulus of elasticity, which is in direct contact with the surrounding material with a frequently lower modulus of elasticity, which in turn leads to a stress concentration in the cases of non-symmetric load application. Liu and Hou [1] studied three-dimensional size effects in composite pin joints and experimentally indicated that in double-lap, single-pin joints, pins with higher hardness have a more uniform contact through the laminate thicknesses and a higher bearing strength. They also found that for in-plane scaling, the bearing strength decreases as the size increases, and for thickness scaling, the bearing strength increases as the size increases. Yu et al. [2] studied the strength of the paste joints of the composite plates to the metal plates. In their research, the size effect of the metal composite joint and the crack growth in the joint edges were investigated theoretically and experimentally, and the criteria of fatigue and fracture were considered. Boni and Lanciotti [3] studied the fatigue behavior of the double-lap riveted joints assembled with and without the sealant experimentally and by finite-element method verified that the fatigue strength of the sealed joints decreases compared with the joints without the sealant. Delale and Erdogan [4] reported a three-dimensional elasticity solution for the stress analysis of an infinite plate with a circular hole. They used the z-component of the Galerkin vector and developed a technique in solving the elasticity problem for a multilayered plate. Kaltakci and Arslan [5] studied the stress concentrations of the symmetrically laminated composite plates containing circular holes. They calculated the stress field of each layer and studied the stresses around the hole edges. Since the difference of the modulus of elasticity of the adjoining materials is responsible for the stress concentration in the metal-composite joints, using an intermediate material with a variable modulus of elasticity can reduce the stress concentration. These materials are known as functionally graded materials (FGMs). Xu et al. [6] analyzed residual stress in the graded inter-layer of the metal-composite joints by using the finite-element method and optimized the exponent factor and the thickness of the inter-layer by using ANSYS software. Mohammadi and Dryden [7] investigated the stress concentration around a circular hole in a functionally graded plate under biaxial loading. They assumed a constant Poisson's ratio and an exponential radial variation model for the modulus of elasticity and found that using a stiffer inter-layer compared to the surrounding plate leads to a smaller stress concentration. Nemish and Levchuk [8] used an analytic method for solving the threedimensional nonlinear problems of statics for the layered cylinders based on perturbation theory and reduced the nonlinear problem to a sequence of linear inhomogeneous problems. Savchenko and Shevchenko [9] analyzed the non-axisymmetric thermal stress state of laminated rotational bodies of the orthotropic materials under nonisothermic loading by using the finite-element method. Li and Peng [10] analyzed a functionally graded hollow cylinder with arbitrarily varying material properties under axi-symmetric condition and used a series of Legendre polynomials. Nie and Batra [11] provided an exact solution for the functionally graded hollow cylinder by employing the Airy stress function. They assumed plane strain condition for the static deformation and considered a variation of Young's modulus and Poisson's ratio as functions of the radius. Zhifei et al. [12] presented an exact solution for functionally graded elastic hollow cylinder with finite length based on the layer-wise method and Lame's solution for the pressurized cylinder and high-order equations. Eraslan and Akis [13] provided an exact solution for plane strain and plane stress deformation of functionally graded rotating solid shaft and solid disk problems. Hosseini et al. and Shakeri et al. [14, 15] presented analytical solutions for transient heat conduction, vibration, and radial wave propagation in the functionally graded thick hollow cylinders. In recent years, Asemi et al. [16, 17] provided elastic solutions and dynamic analysis of the twodimensional functionally graded thick truncated cones with finite length. Asgari and Akhlaghi [18] investigated the thermo-mechanical behavior of a two-dimensional functionally graded thick hollow cylinder using a graded finite-element approach. The geometry and thermal load were assumed to be axisymmetric. Kiani et al. [19, 20] presented exact solutions for the thermal and mechanical buckling of various FGM structures. The authors of the present research [21] studied the contact problem of bolt joints in composite plates in the presence of pseudofunctionally graded materials (PFGMs). They used the finite-element method to analyze both static and dynamic problems. In the present paper, an exact solution based on the Airy stress function is provided for both the conventional joints and the joints reinforced by functionally graded inter-layers to investigate the effect of this inter-layer in reducing the stress concentration. In this study, the twodimensional elasticity solution for each part of the joint, including the isotropic inner cylinder, the FGM inter-layer, and the transversely isotropic plate, is obtained in terms of parametric expressions for the stress and displacements. The integration constants are determined from the boundary conditions at the interface of different layers.
The problem geometry and formulation
It is considered to solve the elasticity problem of the joints including the inner isotropic cylinder and the surrounding transversely isotropic plate shown in Figure 1 , which is directly loaded by an in-plane general non-axisymmetric load by using the Airy stress function method. The structure will also be analyzed in the presence of the functionally graded inter-layer as shown in Figure 2 to investigate the effectiveness of this layer in reducing the stress concentration in the surrounding plate.
Since there are three different materials in the joint structure, there are three corresponding different stress fields, and consequently, three different Airy stress functions should be considered. The present study focuses on the stress distribution around the inner cylinder on the surrounding plate. Therefore, the inner cylinder has been assumed with a sufficiently small hole in the center, and the loading is applied to its inner surface as a non-uniform pressure profile. This assumption has no significant influence on the results of the problem or the generality of the The linear relations between the strains and the displacements in the two-dimensional plane strain condition are the following:
where u, v, ε rr , ε θθ , and ε rθ are the radial displacement, the circumferential displacement, the radial strain, the circumferential strain, and the shear strain terms, respectively. It has been examined that even for the simple cases of non-homogenous materials, proceeding with the Navier equations leads to complicated coupled partial differential equations, which has no explicit solution. In this paper, a solution is developed for the three-layer cylindrical joint based on the method that was illustrated for a single-layer functionally graded cylinder in [11] . 
It should be noted that equations (1)- (3) are independent from the material property and then hold for every layer of the joint. Constitutive equations for the isotropic material are:
where E and ν are the Young's modulus and the Poisson's ratio, respectively, and in the case of homogenous and isotropic materials remain constant. The constitutive equations for the functionally graded isotropic material are:
case, but facilitates the load application. Each part of the joint is assumed as an infinite hollow circular cylinder to ensure the plain strain condition. The method can also be used for the plane stress problem. The parametric dimension of the joint layers is introduced in Figure 2 . It should be noted that the assumed circular boundary around the inner cylinder, which is shown by a dash point line, is arbitrary and simplifies applying the boundary conditions to the problem. One can also consider a rectangular or any other shape for the problem outer boundaries.
In Figure 2 , h is the inner radius of the inner cylinder, a is the outer radius of the inner cylinder = inner radius of the inter-layer, b is the outer radius of the inter-layer = inner radius of the surrounding plate, and c is the outer radius of the surrounding plate.
The surface of the circular hole of the inner cylinder is subjected to a non-uniform distributed pressure denoted by P i (θ). It is assumed that the functionally graded cylinder is made of a linear elastic isotropic material with the modulus of elasticity and the Poisson's ratio only varying in the radial direction. The plane strain condition is assumed for the problem. In the absence of body forces, the equations of equilibrium in the cylindrical coordinate system of (r, θ) for all the parts hold as: 
where, σ rr , σ θθ , and σ rθ are the normal and shear stress components, respectively. 224 A. Bahri et al.: Metal-composite joints improved by FGM
In this case, E(r), the Young's modulus is only a function of the radius defined by (6) , where E 0 and r i are the Young's modulus and inner radius values in the inner surface of the FG cylinder, respectively; and ν is the Poisson's ratio, and it has been assumed as a constant. This assumption in engineering range is correct, because the Poisson's ratio for a wide range of engineering materials that are used in manufacturing the FGMs have a small variation, and consequently, with regards to the general rule of the mixtures, the FGM has a nearly constant Poisson's ratio.
In orthotropic materials, there are nine independent material constants, which in the case of the plane strain problems, only seven of them appear in the relations. With respect to the reinforcement orientation, there are two kinds of orthotropic materials, rectangular orthotropic and polar or radially orthotropic materials. The relations between material constants and constitutive laws for the recent materials are respectively E E ν σ ν σ σ ε ⋅ = + + (8b) 12 12 12
where the indices 1, 2, and 3 in the case of cylindrical coordinate system stand for r, θ, and z directions, respectively.
General solution of the problem
The solution of the problem based on the Airy stress function is illustrated for functionally graded cylinder and radially orthotropic cylinder. The exact solution for isotropic cylinder can be obtained by simplification of each of these two solutions.
Functionally graded cylinder
The stress components in terms of the Airy stress function in the polar coordinate system are:
rr r r r r r
Assuming the Airy stress function in the form of:
and substituting equation (10) in equation (9) and then in equation (5), the resulting strains in equation (3) give:
In order to neglect the trivial answers, it is assumed that φ1(r)≠0, φ2(θ))≠0, d(f1(φ1(r)))/dr)≠0, and E(r)≠0. Differentiation of both sides of equation (11) with respect to r gives:
The left-hand side of equation (13) is only a function of θ, while the right-hand side is only a function of r; thus, both sides are equal to a constant like -λ 2 . Solving each side of equation (13) for λ = 0 and λ≠0 gives
In equation (14a), since the stresses must be a single value, φ2(θ) must be periodic, and A must vanish. Thus, λ = 0 represents the axi-symmetric case. In equation (14b), A and B are constants and should be determined from the boundary conditions. The constant λ is associated with the circumferential wave number. Substitution of equation (14) into equation (11) gives a fourth-order ordinary differential equation as with respect to φ1(r) as:
Equation (15) has a general solution for φ1(r) in the form:
where the expressions for z1(λ, n, ν) to z4(λ, n, ν) are shown below. The constants C1 to C4 can be determined from the boundary conditions:
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Composite plate with a circular hole
Since there is no restriction on the ratio of the inner radius to the outer radius of the cylinder in the illustrated formulas (9)- (14), the method can also be used for the surrounding plate of the joint. The only restriction of using these equations is the independency of the material properties from the angle θ. Therefore, the plate should be in one of the following models: 1. General isotropic plates 2. Transversely isotropic plates (non-directional inplane properties like the random chopped fiber laminates) 3. Quasi-isotropic plates (properly distributed fiber orientation like the tri-axial laminates) 4. Radially orthotropic plates (centrally oriented textures like the filament winded structures and concentric wooden sections)
Before proceeding through the method, it should be noted that with setting the in-plane values of the material properties independent from the direction, one can shift from the radially orthotropic case to the quasi-isotropic or transversely isotropic models. Since the out-of-plane properties of the plate in z direction do not appear in the two-dimensional elasticity equations, the equations of general isotropic and transversely isotropic cases are practically equal. Therefore, the equations are derived for radially orthotropic plate as the most general case among the above models. In a similar fashion, substituting the stresses from equation (9) into equations (8) and (7) and the resulting strains in equation (3) gives equation (11) . In this case, the functions f1 and f2 are: 4  4  2  2  33 23  11  4   2  2  2  33 13  11  22  33 13  11   3  3  2  23 13  11  3  33 13   2  2  33 13  11  33 13  11   3  3  2  33  13 23  11  3   2  2  22 33 13
Solving equation (15) 
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In both cases of functionally graded cylinder and radially orthotropic plate with circular hole, one can simplify the problem to an isotropic homogenous hollow cylinder and observe the unity of the results with the existed exact solutions for this problem in the literature. The Airy stress function for each material in the problem is in the form of equation (21) . Both functions φ1(r) and φ2(θ) can be defined with respect to different values of λ. The value and the number of different λs depend on loading, and in general, it is required to employ the Fourier series of the problem boundary condition. In the cases that the boundary value functions are in the form of sin(kθ) or cos(kθ), it is sufficient to consider the value of λ = k in equation (21):
Non-axisymmetric loading
In many applications, the joints are under non-axisymmetric loadings. As an example, in Figure 3 , the radial force per unit thickness of F is applied in the x direction to the center of the inner cylinder, which is in a near rigid non-frictional contact with the surrounding plate and induces a pressure profile of equation (22) in their interface. It is (23) are shown in Figure 4 , and it has an acceptable conformity with the FE results of the contact case. The error of this approximation in terms of the integrated normal force along the interface is zero.
The first term of the right-hand side of equation (23) is associated with λ = 0, which represents an axi-symmetric problem. The second and third terms are associated with λ = 1 and λ = 2, respectively. In the later sections, these three terms will be considered for analyzing non-axisymmetric loading of various structures.
Boundary conditions
With respect to Figure 2 , the boundary condition of the joint problem is given in equations (24a) to (24l). In the considered example, it is assumed that the plate is clamped in a circular edge with radii of r = c, although any other condition is applicable. In these equations, M stands for inner cylinder, F stands for functionally graded inter-layer, and C stands for surrounding plate. Eliminating the indices from relations means that the relation holds in general. It is assumed that the displacement of the adjacent layers at the interface is unique and continuous, which means that the layers are bonded together and no delamination occurs during the loading.
From the finite-element analysis, the normal stress along the interface in two cases of bonded and contact models is indicated in Figure 4 . In this figure, the normal stress distribution of the contact model is also compared with a half cosine function as illustrated in equation (22a), and the results show a good coincidence.
From the static equilibrium of the forces in the x direction, the maximum pressure is expressed with equation (22b), where A is the projected area of the metal cylinder.
The loading introduced here is one of the most frequented cases among the various loadings that occur in the joint structures. By means of the Fourier series and using the above procedure, any other arbitrary load profile can be analyzed. The first three terms of the Fourier series of the half cosine pressure profile with regard to equation 
For the joint structures without functionally graded inter-layer, it is sufficient to set a = b in equation (24).
Finding the constants
Following the steps given in the previous sections, the last step is to find the constants that appeared in the Airy stress function for each layer. For this purpose, it is necessary to substitute the numerical values of the material properties for each layer and rearrange the Airy stress function in terms of unknown constants. As the next step, the stresses and the strains are calculated by equations (24), and the system of equations is solved to find the constants.
With having all the constants defined, the Airy stress function for each layer is obtained, and consequently, all the stresses, strains, and deformations in the entire joint are known.
Numerical examples of the joints

Material properties and models
In the examples of this section, the material properties of various parts of the joint structure are given in Table 1 . The material constants of radially orthotropic plate and transversely isotropic plate are as Indexes 3a and 3b, respectively. The numerical values that are used in the following examples are: E 0 = 2e5 MPa; G = E/2.6; ν = 0.3; G(r) = E(r)/2.6; E 1 = 4e4 MPa; G 12 = 1.5e4 MPa; h = 5 mm; a = 30 mm; b = 40 mm; c = 160 mm.
Six different FGM models for the joint inter-layer are described in Table 2 .
The conventional-I joint consists of two layers: inner cylinder and surrounding plate. The models n = 0, n = -1, n = -2, and n = -5.6 represent joints with FGM inter-layers, described with the power law equation in Table 1 -Index: 2 and the constants shown in Table 2 . The model n = 0 denotes a joint with an isotropic inter-layer with an average modulus of elasticity. The model n = -5.6 is associated with the model that satisfies the continuity of the Young's modulus in the inner and outer interfaces of the inter-layer according to presumed values in Table 1 . The conventional-II joint is similar to the conventional-I joint, but in the recent case, the diameter of the inner cylinder is taken equal to 40 mm. It can be used for comparing the results of the different models with the same diameter of the inner cylinder.
The radial variations of the modulus of elasticity through the inner cylinder, the FG inter-layer, and the surrounding plate in six investigated models are indicated in Figure 5. 
Airy stress functions of the joint components
From equations (16) and (17) and setting the material constants according to Table 1 -Index: 1, the Airy stress functions for the isotropic layer of the inner cylinder associated with various values of λ are:
Substituting for FGMs introduced in Table 1 .2 and for different models introduced in Table 2 , the Airy stress functions for this layer are obtained. As an example, the equations for model n = -1 associated with various values of λ are as follows: 
Substituting for the surrounding plate made by a transversely isotropic material, from Table 1 -Index: 3, the Airy stress functions of this layer associated with the various values of λ are as in equation (27). It should be noted that the equations for the case of transversely isotropic material are similar to the equations of the isotropic material. 
Elasticity solution for the conventional metal-composite joint 4.3.1 Axisymmetric loading
As the first example, a metal-composite joint under axisymmetric loading of P max (MPa) uniformly distributed on the hole of the inner cylinder is considered. Substituting equations (25) and (27) and the numerical values associated with λ = 0 in the system of equations of equation (24) and eliminating the terms that have no role in the stresses and the strains, unknown constants of Airy stress function are obtained. With having the Airy stress functions defining for both the cylinder and the surrounding plate, from equations (9), (4), and (8) and integrating from equation (2), the stresses, the strains, and the displacements are fully defined, and the problem is solved. The non-dimensional stress of σ rr /P max in the radial direction for this joint is indicated in Figure 6 . In this figure, also the result of the finiteelement method solution of the same structure shows good accordance with the analytical data. The numerical model is developed in ANSYS software using 2080 two-dimensional quadratic elements of type PLANE182. The overall dimensions are introduced in Section 4.1. Because of the simplicity of the case, the other results are not indicated here.
Non-axisymmetric loading
In this case, the joint of the previous subsection is exposed to a non-axisymmetric loading of (σ rr ) h = P i (θ), where P i (θ) is as equation (23). This load profile is close to the case that occurs in T-bolt joints and double-lap riveted joints. The procedure of the solution consists of the following steps: 1. The Airy stress function associated to λ = 0, 1, and 2 for all the layers of the structure (in this case two layers) is obtained separately. 2. For each value of λ, the boundary conditions are applied to the system of equations, and all the unknown constants of the Airy stress functions are defined. 
The radial, shear, hoop, and equivalent stresses of the joint are presented in Figure 7 . The radial and circumferential displacements of the joint are presented in Figure 8 . In these figures, the results are presented for the area close to the interface that is more affected by the joint. With regard to Figure 7 , the stress level in the surrounding plate is drastically lower than the stress level in the inner cylinder, which is due to the different levels of modulus of elasticity and the dimensions of this part comparing to the dimensions of the plate. Figure 8 indicates that the displacement fields in the radial and tangential directions are expanded to the edges of the structure. It is also shown that the maximum radial displacement occurs in the bearing line of the joint, while the maximum tangential displacement belongs to side areas of the joint with respect to loading line.
Elasticity solution for metal-composite joint with FG inter-layer (n = -1)
In order to investigate the influence of functionally graded layer on the stress distribution of the joint, an FGM interlayer is added to the joint structure described in Section 4.3. The FGM model corresponds to n = -1. Some results are indicated in Figures 9 and 10 . In these figures, it is indicated that using an FG inter-layer could lead to a more uniform distribution of the stresses and displacements along the bearing line compared to conventional joints, but the angular pattern of these fields is less affected by the FG inter-layer. The results of the other models are indicated in Section 4.5.
Comparing the results of different models
In order to examine the effect of the functionally graded inter-layer on the metal-composite joints, in this section, the results of the six described models are compared to each other in Figures 11-13 . It should be noted that the loadings of all the models are equal to equation (23). From Figure 11 , using a conventional-I joint induces a maximum bearing stress of 0.0082 at the edge of the surrounding plate, while with using FG inter-layers, this value decreases to 0.0048, 0.0044, 0.0044, and 0.0034 for n = 0, n = -1, n = -2, and n = -5.6 models, respectively. It should be noted that the corresponding values of the conventional-I joint belong to r = 30.1 mm, where the surrounding plate is in contact with the inner cylinder of the joint. While, for the other cases, at the presence of the inter-layer, these values belong to r = 40.1 mm. For the conventional-II joint, this value is equal to 0.0047, which is still more than the values corresponding to the joints with the FG inter-layer. In Figure 12 , the equivalent stress of the inter-layer and the plate of different models are compared. Figure 12B shows that even at the same radius of r = 40 mm, the equivalent stress in the model n = -5.6 represents about 40% reduction compared to the conventional-I joint. The appeared increase of equivalent stress in the other cases is due to the effect of the different distances from the interface in these models.
In Figure 13 , the values of the different cases are indicated in terms of radial, shear, hoop, and equivalent stresses at r = 40.1 mm around the joint edges. According to this figure, using the described inter-layers would decrease the stress concentration of the joint. The maximum decrease is obtained with n = -5.6.
In Figure 13A , it is shown that increasing the power exponent (n) decreases the maximum value of the radial stress. A comparison between equivalent stresses in the joint without and with functionally graded inter-layer around the hole is illustrated in Figure 13D . which shows that using the functionally graded inter-layer would decrease the equivalent stress in the surrounding plate to nearly half of its value in conventional-II joint. In different parts of this figure, it could also be indicated that using an FG inter-layer decreases the stress level in terms of both mean value and amplitude.
Conclusions
The exact solution illustrated in this paper based on the Airy stress function defines analytic expressions of stresses, strains, and displacements of the metal-composite joints in both metallic and composite parts. Based on the results, it is shown that the difference between the stiffness of the inner cylinder and the plate induces a stress concentration in the softer part of the joint, which decreases its load capacity.
In order to decrease the stress concentration, a functionally graded inter-layer is used between the joint parts, and the exact elasticity solution is obtained for some different FGM inter-layer models. The Young's modulus of the FGM layer in these models is a power function of the radius, which decreases the difference of rigidity of the joint parts.
In the present study, it is assumed that the Poisson's ratio is constant. However, the method is also applicable to the power law model for the Poisson's ratio variations.
It is observed that using the FG inter-layer would decrease the stress concentration in the surrounding plate.
It is observed that the distance from the interface has a significant influence on the stress value and should be considered in investigations of the results.
The maximum bearing and equivalent stress in all of the models occur in the bearing line, where the resultant load is applied. The next point in terms of equivalent stress level is placed at the opposite point.
It is shown that increasing of the power exponent (n) could generally decrease the bearing stress level, although Among all of the FG models, the maximum stress reduction occurs in the model with continuity in modulus of elasticity. In this model, the radial stress decreases by half compared to the conventional joints, and a larger decrease occurs in the equivalent stress.
The results would be considered in the design of new metal-composite joints with improved service life by reinforcing the joint edges with a properly selected functionally graded inter-layer.
